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Algebraic systems with addition and multiplication which satisfy all of the skew-field axioms except possibly one of the distributive laws have been studied occasionally. Dickson [l] gave examples which showed that such systems-called Fastkörper by Zassenhauscan actually be nondistributive.
Zassenhaus [2] proved that Dickson's examples include all but seven of the finite Fastkörper which are not skew-fields. All continuous Fastkörper of finite degree over the reals were found by Kalscheuer [3] . Reidemeister [4] connected Fastkörper with the geometry of webs. All these results are, in a certain sense, extensions of well known facts about fields. This paper makes an analogous extension of part of the theory of semisimple rings to semisimple "Fastringe" or "near-rings." Definition. A set N of elements which can be added and multiplied is said to form a near-ring if 1 . the elements form a group under addition, 2. the multiplication of elements is associative, 3. Mi(m2+w3) =Mim2+Mi«3 for any selection of elements «1, n2, and n3 from N.
It follows from this definition that a near-ring satisfies all of the usual ring axioms with the possible exceptions of the right distributive law and the commutative law of addition.
The most natural example of near-rings is given by the mappings of a group (written additively) into itself. If the mappings are added by adding images and multiplied by iteration they form a near-ring. ' A near-ring homomorphism is a mapping t of a near-ring N into a near-ring N' such that (»1 + n2)r = «it + n2r and (wiw2)r = (wir)(«2r).
The two-sided ideals of a near-ring N are defined to be the kernels of homomorphisms of N. The kernel A of a near-ring homomorphism t of N is an additive normal subgroup of N. Since near-rings satisfy the left distributive law, for every selection of »i and «2 from N and g from G. If "operating by »" is defined as right multiplication by », a near-ring N is itself a right AT-group. The additive subgroups of N which are also right A7-groups are called the right modules of N. These modules are just the subgroups M such that MNEM.
A group homomorphism t of a right A'-group G into a right Ngroup is a right AMiomomorphism if ign)r = igr)n for every g and ».
The right ideals of N are defined to be the kernels of homomorphisms of N regarded as a right A-group. A check shows that the right ideals are just the additive normal subgroups R of N with (r + »i)»2 -»i»2 E R for every m, n2, and r.
For a ring the set of right modules is identical with the set of right ideals. This is not true in general for near-rings. The near-ring of all mappings of a finite group (with order greater than two) into itself is an example where the whole near-ring N is the only right ideal which is also a right module. Consideration will shortly be restricted to those near-rings such that Ok = 0 for all n. For these near-rings the set of right modules contains the set of right ideals.
Left A-groups and left A-homomorphisms may be defined analogously. If "operating by n" is left multiplication by », JV is a left A-group. The left ideals of A are defined to be the kernels of homomorphisms of A considered as a left A-group. These ideals are just the additive normal subgroups L of A with NLEL.
In terms of these definitions, a two-sided ideal of A is just a right ideal which is also a left ideal. another. The sets of left A-groups, right A-groups, right modules, left ideals, right ideals, two-sided ideals, and right representation spaces of a near-ring A are all closed under finite intersection. If the sum of two left, right, or two-sided ideals is defined as the set of all sums with a summand from each of the ideals, the sets of left, right, and twosided ideals are closed under finite sums. This is not necessarily true of the right modules. An A-group, an ideal, or a representation space is a direct sum of other A-groups, ideals, or representation spaces if it is a direct sum of them when considered as an additive group.
A simple calculation shows that the elements of a near-ring A which annihilate a right A-space F form a two-sided ideal Ay of A. Similarly the set of elements of A annihilating one particular element » of F is a right ideal Av.
From this point on all the near-rings considered will be assumed to satisfy Axiom. 0» = 0 for all » in the near-ring. Definition.
A near-ring N is semisimple if it has no nonzero nilpotent right modules and the right modules satisfy the descending chain condition.
Theorem
1. Every nonzero module of a semisimple near-ring N contains a nonzero idempotent. Every minimal nonzero right module M is an irreducible N-space and contains an idempotent e such that eN = eM = M.
Because the descending chain condition is satisfied by the right modules of N, any nonzero module contains a minimal nonzero module. Therefore, the first statement of the theorem is a consequence of the second. If M is a minimal nonzero module, MM^O since N contains no nilpotent nonzero modules. This shows that M is a proper A-space and hence an irreducible A-space. Since M2?*0, there is an element w0 of M such that moM^O. The mapping t : m-^mom of M into itself is an A-homomorphism under which the image of M is not zero. The kernel of the homomorphism is a right module because of the assumption 0» = 0 for all ». The minimal property of M implies that m0M=M
and that Am/~\M is zero. Therefore r is an A-isomorphism of the module M onto itself. Now there is some element e in M such that moe = m0. Hence, m0ee = moe. It follows that e2 = e because r is an isomorphism. Now eMEeNEM because eEM. Since the module eM contains the nonzero element e of the irreducible space M, MEeM. Therefore eM=eN= M.
It is to be noted that if e is any idempotent and x is an element of eN, then ex = x. This follows because x = e» implies ex = een = en=x. proofs of the Jordan-Holder Theorem for groups with linear operators carry over almost verbatim to proofs of the analogous theorem for right ideals of a semisimple near-ring. This theorem allows the normal series ADiOO iR a nonzero right ideal) to be refined to a finite composition series. If R is a minimal right ideal, it must be a factor of this composition series. Since all the composition series have the same factors, the number of non-A-isomorphic types of minimal right ideals is finite.
Definition.
A nonzero near-ring N is simple if 1. it has no proper two-sided ideals, 2. its right modules satisfy the descending chain condition, 3. it has no nonzero right modules which are annihilated from the right by all the elements of A.
Theorem 7. A simple near-ring is semisimple and has one and only one type of irreducible space.
By the definition of simplicity, the right modules satisfy the descending chain condition. If M is a nonzero nilpotent module, there is some integer A such that M* = 0 but Mk~l^0. Therefore, the twosided ideal Am of annihilators of M contains Mk~19é0. This implies that Am = N, which contradicts Condition 3 above. Thus A is a semisimple near-ring. Since A is not the near-ring consisting of zero alone, A must have a minimal nonzero module and hence at least one type of irreducible A-space. If Fi and V2 are two irreducible A-spaces, neither of them can be annihilated by a minimal right ideal R of A, because the two-sided ideal of annihilators of either Fi or V2 must be the zero ideal. By Theorem 5 both Fi and F2 are A-isomorphic to R and hence to each other. Theorem 8. A semisimple near-ring A with exactly one type of irreducible N-space is a simple near-ring.
The right modules satisfy the descending chain condition because A is semisimple. There can be no nonzero right module annihilated by A since such a module would satisfy the equation M2 = 0. If F is a proper two-sided ideal of A, there is at least one minimal right ideal not contained in T, because a semisimple near-ring is the direct sum of some of its minimal right ideals. If R is such a right ideal, R(~\T=0 because R is minimal. Also RTERf^T. Hence RT=0. Now R and any minimal right ideal R' contained in T are A-isomorphic because they are both irreducible A-spaces. Therefore R'R'ER'T=0, and R' is nilpotent. This contradiction shows that A is simple.
For the rest of this paper the term "semisimple near-ring" will be interpreted so as to exclude the trivial near-ring with only one element. If A is a semisimple near-ring, Theorem 6 permits the choice of non-A-isomorphic irreducible A-spaces Vi, • • • , V. so that any other irreducible A-space is A-isomorphic to one of the F,-. After such a selection, a two-sided ideal A* corresponding to F< may be defined by Ai = fi Av¡.
Mi
Cleariy this definition depends only on the type of irreducible space and not on the particular choice of the representative F<.
Lemma 1. A minimal right module is contained in A* if and only if it is N-isomorphic to Vi.
A minimal right module M which is A-isomorphic to V¡, where jy¿i, is annihilated by A° since A°EAr¡. Therefore, M cannot be contained in A°t because M would then be nilpotent. If M is a minimal module A-isomorphic to Vi, F,Af=0 for J9*i. This is the case, for otherwise the mapping m-tVj-m would be an A-isomorphism of M onto Vi for any v¡ such that v¡Mj^O. This shows that MEAv¡ for all J9¿i. Therefore MEA°. 
